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Starting from chemical structural theory, in particular the principle of valency conservation, 
chemical reactions can be analyzed by discrete mathematical methods. Employing graph- 
theoretical and lattice-theoretical approaches, one obtains reaction lattices which comprise all 
relevant structures of the chemical process under consideration. The dynamic aspect of the 
reaction is represented by the dynamic sublattice containing all dynamic graphs. The continuous 
character of a process involving two sets of reaction partners can be described by the variation 
of a reaction parameter r. This treatment leads to simple eigenvalue problems, the solutions of 
which are correlation diagrams for the respective dynamic transition. 
This formalism is extended by including permanent influences on the dynamic transition. Two 
classes of such influences are discussed: (a) perturbation by an additional constant dynamic graph 
D,, which is linearly superimposed upon the dynamic transition, and (b) modification of the 
space which underlies the dynamic system by the ‘reaction skeleton’, i.e., the invariant structure 
of the reaction represented by the static graph S. In the latter case, the algebraic treatment leads 
to generalized eigenvalue problems. 
After a general presentation of the mathematical procedure and a short introduction to the 
computational method, the formalism is applied to electrocyclic reactions involving four carbon 
centers with special emphasis on the ring closure reaction of butadiene to cyclobutene. The 
correlation diagrams calculated by the reaction skeleton approach indicate an overall 
destabilization of the whole system as compared to the ‘pure’ dynamic transition which is in 
agreement with quantum chemical results. In addition, an internal stabilization effect is observed 
for these systems leading to a partial allowance of Hiickel type electrocyclic four center reactions. 
In order to understand the thermodynamical preference of butadiene over cyclobutene, 
conformational aspects are taken into account by including ‘through-space interactions’ into the 
reaction skeleton. Based upon the resulting diagrams, reaction paths involving geometrical 
changes are discussed. 
Introduction 
The language of chemical formula provides the chemist with a powerful tool to 
describe the large variety of (organic) chemical compounds with only few atomic 
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symbols and linkages (edges) between them. Thus, chemists, physicists and 
mathematicians have studied this language since its invention more than hundred 
years ago. 
An essential feature of the chemical formula language is the concept of valence, 
which was introduced by Frankland in 1852 [ 151; it states that each element forms 
compounds by uniting with a definite number of equivalents of other elements. The 
concept was extended by Kekult [36, 371, Kolbe [38] and Couper [lo], in particular 
to the properties of carbon atoms. In 1861, Butlerov formulated the classical struc- 
tural theory [7], where the valency concept was integrated. He used the term 
‘chemical structure’ for the first time to express the structure of a molecule of a 
substance by means of a single formula, which shows how each atom is linked to 
the other atoms. Classical structural chemistry culminated in the work of van’t Hoff 
[29] and le Be1 [39], who founded classical organic stereochemistry, and in the 
theory of the stereochemistry of complex inorganic structures by Werner [56]. 
In this period the ‘chemical connection’ (valence bond) between two atoms was 
represented by a line drawn between their elementary symbols. This expressed in a 
qualitative way reaction properties of the molecule. After the discovery of the elec- 
tron numerous attempts were made to understand the physical nature of the valence 
bond. A highlight in this study was the development of electronic theory of valence 
by Lewis [40]. 
Shortly after the foundation of quantum mechanics Linus Pauling in his work on 
the resonance theory of the chemical bond [44] gave a physical interpretation of the 
valency line, which is largely in agreement with the classical chemical understanding 
of this term. He applied the quantum mechanical concept of resonance to classical 
chemical formulae in order to understand the molecular behaviour of a mixture of 
several boundary structures. His approach implied the invariance of the valencies 
of the participating structures. 
Similarly, the Htickel Molecular Orbital concept (HMO-theory) for describing 
conjugated organic molecules [33, 341 can be reduced to a graph- 
theoretical/topological kernel and thus to chemical formula language. This was first 
shown by Gtinthard and Primas [19] and Ruedenberg [49]. 
In the last 20 years various attempts have been made to understand the course of 
chemical reactions on a semi-quantitative basis [3, 27, 28, 32, 43, 501. Dugundji and 
Ugi et al. [12, 53, 541 maintained the concept of the valency line even for their 
matrix description of chemical reactions. The Hiickel MO approach was persued by 
Woodward and Hoffmann [30, 581, who introduced the principle of conservation 
of orbital symmetry, and by Evans [14], Zimmerman [60] and Dewar [ 1 I] who used 
the concept of aromatic and anti-aromatic pericyclic reactions. 
In our studies on the d-formalism for describing pericyclic reactions we could 
discern the graph-theoretical/topological essence of the physical concept of orbital 
symmetry conservation [22]. The first paper of this series [21] gave a graph- 
theoretical formulation of the basic principles of classical structural theory. The 
most striking one is the principle of valency conservation in a chemical reaction, 
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which states that the sum of all valencies is constant during the reaction. Following 
this principle, pericyclic reactions can be described in a qualitatively precise manner 
by employing mathematical formulations of chemical formula language. 
As in Balaban [5] and Hendrickson [26] we distinguished between the set of 
valence lines which are constant during the reaction (the corresponding graph S of 
static relations), on the one hand, and the set of valence lines which are changed 
in the reaction (the corresponding graph D of dynamic relations), on the other hand. 
The reaction itself was described by the transition of the dynamic edges of the reac- 
tants into those of the products controlled by the principle of valency conservation. 
The abstract formulation of this procedure was given by a normalized lattice (partial 
ordering on the set of dynamic graphs of the reaction [46, 231). 
To obtain a more detailed picture of specific classes of pericyclic reactions one 
may ask, how the set of invariant valency lines - which we call the ‘skeleton of the 
reaction’ - influences the reaction process. In other words, the static graph S must 
be explicitly included in our mathematic model of dynamic transitions. 
Here we deal with the skeletal influence on the course of pericyclic reactions. We 
describe the mathematical formalism required to model the role of the skeleton and 
then apply it to electrocyclic reactions involving four carbon centers. 
The role of dynamics and the skeleton in the logical analysis of chemical reactions 
Consider first a chemical reaction consisting of two sets of reaction partners, i.e., 
reactants and products. A logical analysis of the graphs describing the reaction 
[23, 45-471 yields a three-dimensional Boolean lattice [35], which we call the reac- 
tion lattice. Fig. 1 shows the reaction lattice for the electrocyclic ring closure involv- 
ing four carbon centers. 
The dynamics of the reaction is represented by the two-dimensional Boolean 
‘dynamic’ sublattice, whose members are the (edge sets of) the dynamic graphs D, 
DE, DP and @ (Fig. 2a). The reaction process itself is described by the ‘dynamic’ 
transition between DE and DP which is controlled by the principle of valency con- 
servation. This states that the sum of all valencies is conserved during the whole 
chemical reaction. 
Based upon a probabilistic interpretation [48] and using arguments of the theory 
of orthomodular lattices [3.5] we can show that an algebraic description of unper- 
turbed transitions between the dynamic graphs of educts (Da) and products (&) 
requires a normalized dynamic sublattice as depicted in Fig. 3 [45, 461. In this way 
a continuous representation of all possible reaction situations of a dynamic transi- 
tion can be given. In other words, any reaction situation is conceived as a mixture 
of dynamic graphs DE and DP in fractions rl and r,. (The notation ‘A’ for the 
variation parameters of dynamic transitions, which has been used in our previous 
papers [21-241, is now replaced by the symbol ‘r’.) 
The dynamic transition itself is bounded by DE and D,. Consequently, the sum 
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Fig. 1. Electrocyclic ring closure reaction of 1.3.-butadiene: Chemical formulation and reaction lattice 
of the reaction describing graphs. 
of (non-negative) parameters ri and r2 is constant; and thus the two-parameter 
matrix functions of dynamic transitions 
N,, r2) = rl D, + r2 D, (1) 
can be reduced to one-parameter functions by setting r=r2 and substituting 
r, = 1 -r. 
The logical analysis of the graphs that describe the reaction as well as the graph- 
theoretical description of dynamic transitions controlled by the principle of valency 
conservation has been generalized to reactions involving an arbitrary number of sets 
of reaction partners (reactants, products, intermediates, byproducts etc.) yielding 
higher-dimensional normalized dynamic sublattices (multi-dimensional A-model) 
[23, 24,471. In all cases the algebraic treatment of unperturbed dynamic chemical 
systems leads to special eigenvalue problems. 
S 
b) 
Fig. 2. Two-dimensional Boolean sublattices of the generalized reaction lattice: (a) Dynamic sublattice; 
(b) Sublattice spanned by the graphs of reaction participants. 
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Fig. 3. Normalized two-dimensional dynamic sublattice. 
The reaction skeleton, i.e., the invariant part of a chemical reaction, is 
characterized by the ‘static’ graph S which is also contained in the reaction lattice 
(see Fig. l), but complementary to the dynamic graph D. The sublattice of the reac- 
tion lattice is spanned by the graphs of the reaction participants and contains S as 
minimum element (see Fig. 2b for reactions involving two reaction partners). It can 
be conceived as the logical basis for describing the dynamics of a chemical reaction 
under the permanent influence of S. In this case, the graphs D, Da, DP and @ of 
the unperturbed dynamic transition are substituted by the graphs M, An, A, and 
S, respectively, according the structural influence of S. We shall show in the follow- 
ing that the algebraic treatment of dynamic transitions that are structurally influenc- 
ed leads to generalized eigenvalue problems. 
Formal description of the skeleton influence on chemical reactions by the gener- 
alized eigenvalue problem 
In an arbitrary chemical reaction R with p reaction partners R,, each Rk con- 
tains a certain set of valency lines which are changed into valency lines of other reac- 
tion participants during the reaction according to the principle of valency 
conservation. These sets of ‘dynamic edges’ are described by the dynamic graphs 
Dk. The set of all dynamic graphs forms the p-dimensional dynamic Boolean 
sublattice of the reaction mentioned above; it can also be represented by a (p - I)- 
dimensional regular Euclidean simplex. This simplex is spanned by vectors along the 
rk-axes, each rk being labelled D,; it comprises all possible reaction situations of a 
complex chemical process and is called the ‘reaction domain’ [23]. 
A reaction can be conceived as a continuous variation of fractions rk of reaction 
partners Rk (which constitute the reaction mixture) within the boundaries of the 
reaction domain. These boundaries are given by the simplex or normalization condi- 
tion [23]: 
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kfi,rk=L r,rO. 
In other words: The course of the reaction can be described by a trajectory r over 
the (p - 1)-dimensional simplex of the reaction domain DR, where any point 
r=T(rl, r,,..., rp) corresponds to a certain structural mixture. Such a structural 
mixture can be expressed by the matrix function 
A (DA = A [Wl, rz, . . . , r,),l = i rk(rM (D,d 
k=l 
(3) 
which is obtained by the superposition of the adjacency matrices of dynamic graphs 
Dk according to their fractions rk(r) at point r in the reaction mixture [23]. Eq. (3) 
is a generalization of the matrix function (1). 
The matrix function A is associated with the ‘special’ eigenvalue problem [61] 
A (D,) C(Q) = C(Q) UD,), (4) 
where f (D,) = Diag(y,) = matrix of eigenvalues of D in diagonal form and C(D,) = 
corresponding matrix of eigenvectors. 
Equation (4) may be written in simplified form by setting A(D)=A(D,), 
C(D) = C(D,), and T(D) = T(D,). Additional multiplication of the eigenvector 
matrix by the unity matrix yields the following form of the eigenvalue problem: 
A(D) C(D) = I(D) C(D) F(D). (3 
This formulation of the eigenvalue equation may be interpreted in the following 
way: A(D) is conceived as a ‘structural operator’ of the dynamic graph D, which 
acts on the eigenvector system of the dynamic structure, such that the effect of this 
operation is the same as that of the unity matrix on C(D) except for a parallel shift 
of the single eigenvectors, which is given by the corresponding eigenvalues of T(D). 
In this connection we interpret the unity matrix I(D) as a certain structural matrix. 
In other words: We assume that the eigenvalue problem operates in a space which 
is spanned by the unity matrix. If the structure of I(D) is expressed in terms of graph 
theory, the ‘special’ eigenvalue problem operates on the complete pseudograph 
K,(l, 0) = lJy= I 5, i. This pseudograph bears a loop at each of its vertices, respec- 
tively, but does not contain any edges between two different vertices. 
So far our considerations have been confined to the dynamic structure of the reac- 
tion as expressed by the dynamic graph D = D,. Nevertheless, even at this level of 
approximation, graph-theoretical/topological selection rules for pericyclic reactions 
involving an even number of carbon atoms can be derived in a closed analytical 
form [22]. These results are equivalent to the Dewar-Zimmerman [l 1, 601 and 
Woodward-Hoffmann rules [58], respectively. 
On the other hand, restriction to the dynamic structure is a rather rough approach 
for describing pericyclic reactions. More detailed results are obtained if one includes 
influences which are invariant during the reaction. For this purpose additional 
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weighted graphs D,, which are constant with respect to any alteration with the 
reaction domain, are linearly superimposed upon the dynamic transition. After ac- 
counting for such additive, structural perturbations of D = D,, the eigenvalue pro- 
blem takes the form 
[A (D) -I- s A @,)I CC0 0,) = WA Q) QD, Q) 
where s is the amount of the perturbating graph 0,. 
(6) 
As examples of equation (6) we have discussed in previous papers pericyclic reac- 
tions involving substituent and hetero-atom effects [47], constant through space in- 
teractions [23] as well as catalytic influences [24]. In all cases it was possible to show 
that pericyclic reactions which are forbidden as pure dynamic transitions can under 
certain circumstances be turned into thermally allowed processes. 
Despite its success in explaining various effects in pericyclic reactions, the method 
of simply adding a constant term D, to D = D, (eq. (6)) entails the conceptual dif- 
ficulty that the eigenvalue problem still operates on the trivially structured space 
spanned by I(D) (eq. (5)), that is, on the pseudograph K,, (1, 0) with II vertices con- 
taining a loop, but without edges connecting two different vertices. If, however, the 
pseudograph K,,(l, 0) itself is superimposed on a static graph S, a structure in the 
true sense is impressed upon the (basis) space, in which the eigenvalue problem 
operates. In this way the structure of the ‘reaction skeleton’ can be taken into ac- 
count without changing the underlying dynamic system. The resulting ‘generalized’ 
eigenvalue problem is given by the equation 
A(D)~(D)=[al+bA(S)]~(D)f(D) (7) 
where a and b are the weights of the pseudograph K,,(l, 0) and of the static graph 
S, respectively; A(S) is the adjacency matrix of the static graph; c (0) and f(D) are 
the modified eigenvector and eigenvalue matrices, respectively. This may be com- 
pared with the corresponding ‘special’ eigenvalue problem (5). For our calculations 
we have chosen the values a = 1 .O and b = s = -t 0.25 in eqs. (6) and (7), respectively. 
By setting B= al+ bA(S), equation (7) can be written in the shorter form: 
A(D)C(D)=BC(D)~(D). (8) 
If B is a non-singular matrix, one can transform the ‘generalized’ eigenvalue pro- 
blem (8) into a ‘special’ one by multiplying on the left by the inverse B-l: 
B-~~(D)C(D)=C(D)~(D). (9) 
However, unless A(D) and B are commutative, the resulting (product-) matrix 
[B- ’ A(D)] is not symmetrical. 
On the other hand, the matrices A(D) which describe the dynamic structure of 
pericyclic reactions are either real-symmetric or complex Hermitian, depending on 
the problem. Hermitian matrices are in particular useful for describing Mobius-like 
dynamic structures and serve as the basis for the generalization of the aromaticity 
concept as well as for modelling reactions of sulfur and phosphorus compounds. 
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The matrix B is real-symmetric in general, since it is a real linear combination of 
the identity matrix 1 and the adjacency matrix A(S) of the (undirected) static graph 
S. In addition, we shall assume that B is positive definite. For a given a > 0 (a = 1 .O) 
the property of positive definiteness holds, if the conditions 
(0 - u/Ymax tACs>l <b< - a/Ymin tA ts)l f 
(ii) 
(iii) 
(10) 
are fulfilled, where y,i,[A(S)] and y,,,[A(S)] are the minimum and the maximum 
eigenvalue, respectively, of the spectrum of A(S). Conditions (ii) and (iii) are valid 
for all (undirected) graphs without loops, but containing at least one edge. 
Then, the generalized eigenvalue equation (8) can be reduced by a Cholesky 
decomposition [61] to a special eigenvalue problem 
RC’=C’f (11) 
with a Hermitian matrix R, the unaltered eigenvalue matrix f, but with a different 
eigenvector matrix C’ as compared to eq. (8). Consequently, all eigenvalues yi are 
real, if A(D) resp. R are real symmetric. Note, however, that the special eigenvalue 
equation (6) and the generalized eigenvalue problem (7), which describe linearly per- 
turbed dynamic transitions operating on the trivially structured space as well as 
dynamic transitions in a space structured by the static graph S, respectively, cannot 
be transformed into each other in general. 
It is worth mentioning the formal analogy between the mathematical formalism 
of modelling skeleton influenced chemical reactions and the quantum chemical 
EHMO-method [30]. Although in both cases generalized eigenvalue problems are 
to be solved, the graph-theoretically founded matrix B is not related to the overlap 
matrix used in quantum chemistry. This follows from the different ways of con- 
structing B and the overlap matrix, the latter one being calculated from the A0 
functions of all valence electrons and their relative positions. Whereas the dimen- 
sion of the eigenvalue problem remains unchanged by taking into account the 
skeleton influence, it is increased, if one considers all valence electrons (EHMO 
method) instead of only n-electrons (HMO method). For instance, in the case of the 
electrocyclic ring closure of butadiene, the dimension of all eigenvalue problems (5), 
(6) and (7) is 4, respectively, whereas it becomes 20 in case of the EHMO approach. 
In the subsequent sections we shall apply equations (5)-(7) to the electrocyclic ring 
closure of butadiene. Because this is a unimolecular isomerization reaction involving 
only two reaction partners, A(D) is given by the matrix function (1). Due to the 
simplex condition rl + r,= 1, where rl and r2 are non-negative, and setting r2= r 
(see previous section), the reaction domain is the interval O<rl 1. In the following 
correlation diagrams the eigenvalue functions yi = yi (r) obtained from various 
eigenvalue problems (_5)-(7) are drawn versus this ‘reaction’ parameter r. 
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Computational method 
Our calculations were carried out on a microcomputer Apple IIe with the 
CP/M-80 operating system [3 l] on a Microsoft SoftCard. The programs were writ- 
ten in FORTRAN-80 [55], which is a slightly modified version of ANSI-Standard 
FORTRAN for the Apple II computer. To solve the various eigenvalue problems 
we have implemented the respective eigenvalue routines of the ‘Matrix Eigensystem 
Package - EISPACK’ [51, 161. The resulting eigenvalue correlation diagrams are 
recorded with a WX4671 plotter of Watanable Instruments Corp. 
Our intention to use a microcomputer system was to investigate, to what extent 
graph-theoretical, algebraic models for chemical reactions can be treated with 
‘laboratory equipment’. With the available memory (44 KByte RAM) the calcula- 
tions are restricted to systems containing up to 50 carbon centers. The CPU-times 
to solve the generalized eigenvalue problem (8) with (n xn)-matrices A of cyclic 
structure and tridiagonal, symmetric, positive definite (n x n)-matrices B are 
f, = 10 set, t,= 50 set, and t3 = 9 min for systems with n, = 10, n2 = 20, and n3 = 50 
carbon centers, respectively. 
The unperturbed dynamic transition via cyclic C4-systems 
In the case of an unperturbed pericyclic reaction via a Hiickel-C,-system, one 
obtains the well-known eigenvalue correlation diagram depicted in Fig. 4. The 
diagram shows a crossing of the eigenvalue functions y2 = y2(r) and y3 = y3(r) on 
the zero-line of the spectrum of the eigenvalues, which indicates that the reaction 
is thermally forbidden. On the other hand, in the case of a Mobius transition, 
represented by a cyclic graph with an odd number of negatively weighted edges, no 
crossing of eigenvalue functions on the zero-line is observed (Fig. 5) 1221; hence the 
respective chemical process is thermally allowed. As we have shown in a previous 
paper [47] the crossing on the zero line in Fig. 4 can also be avoided by adding a 
dynamical perturbation 0, according to eq. (5), which is composed of two directly 
neighbouring loops of opposite sign. Such a loop-induced perturbation describes on 
the one hand the replacement of carbon centers by hetero-atoms, but it may also 
be interpreted as a model for different substituents which transform the ring system 
into an ortho-quinone like structure. In both cases, the introduction of such pertur- 
bations converts the previously ‘forbidden’ thermal reaction into an ‘allowed’ 
process. 
The representation of Hiickel- and Mobius-systems by weighted cyclic graphs 
with an even or odd number of negative edges, respectively, seems to be somewhat 
arbitrary. However, mapping these representations into the complex space one can 
find a unique description of both classes of pericyclic reactions. For this purpose 
all edges of the cyclic graphs C, are equally weighted by the function exp( f i a). In 
terms of the MO-treatment of Hiickel and Mobius systems, the parameter (Y may 
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Fig. 4. Eigenvalue correlation diagram of the un- Fig. 5. Eigenvalue correlation diagram of the 
perturbed pericyclic Hiickel transition involving unperturbed pericyclic Miibius transition involv- 
four centers (cr=O”, 90”, or 180”, respectively). ing four centers ((r=45” or 135”, respectively). 
be interpreted as the angle of twist between two neighbouring p,-orbitals [25, 81. If 
one varies a continuously between 0 and X, the edge weights change periodically in 
the range - 1 and + 1. For cy= 7r/2 and a= 37~12, the resulting edge weights are im- 
aginary, i.e., the real part is zero. This gives the possibility of also considering 
biradical systems containing decoupled electrons [45, 231. 
In the case of unperturbed pericyclic reactions involving four centers, one ob- 
taines the following cyclic adjacency matrix A(D): 
0 ,ia 0 e-ia 
A(D)= ~ I - ia akin ~” ail e ia 0 eCia 0 (12) 
The resulting eigenvalues are given by equation (13) which indicates the periodical 
dependence of the spectrum upon the angle a: 
yj+*=2cos{(2ni/n)+a} (i=O, l,...,n-l;n=4). (13) 
The extrema of these eigenvalue functions y = y(a) represent the Huckel- resp. 
Mobius-cycles, which correspond for n = 4 to a-values 
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and 
aH=k7c/2 (k=O, 1,2,3) (14) 
aM=k71/2+7r/4=71/2(k+1/2) (k=O, 1,2,3), (15) 
respectively. Due to the structure of the correlated eigenvalue spectra, a may be in- 
terpreted as an parameter of aromaticity. 
An analogous periodicity yielding either Hi.ickel or MGbius systems, respectively, 
results in the topological process of twisting a cyclic strip by the angles 
or 
5H3227c (/=O, 1,2, 3) (16) 
TM=(21+ 1)rr (I=O, 1,2, 3). (17) 
Description of electrocyclic reactions by the influence of the dynamic perturbation 
D,= P4 on cyclic C,-systems 
If one perturbes the dynamic graph D = C,(a) by OS= P4 (path of length 4 [20]), 
the set of all pericyclic reactions involving four centers is restricted to electrocyclic 
four-center reactions, in particular the cyclization of butadiene yielding cyclobutene 
(Fig. l), where P4 is the structure of the underlying carbon skeleton. Since in this 
static part of the reaction the same pairs of atomic centers are connected as in the 
dynamic structure, the linear combination of the corresponding graphs D, and D 
according to eq. (6) does not allow a strict separation between the static and the 
dynamic aspect as obtained by the logical analysis of the underlying process using 
a reaction lattice (Fig. 1) [46]. Thus the distinction between G- and 7c-electrons 
discussed for electrocyclic butadiene cyclizations cannot be sustained in this model. 
As examples, the correlation diagrams for Hiickel type electrocyclic reactions 
with a-values 0”, 90” and 180” are shown in Figs. 6(a-c), where the extent of the 
perturbation OS= P4 is s= 0.25. Whereas in the case of the respective unperturbed 
dynamic transitions the eigenvalue spectra of these a-values are equivalent, this 
degeneracy disappears in the perturbed system. An analogous result is obtained for 
Mabius systems. As a consequence (expressed in topological terms), different angles 
aH or (YM of twisted cyclic strips now correspond to different Hiickel or Mijbius 
systems, respectively. 
Another striking result is the existence of a certain a-value (90”), for which the 
perturbed Hiickel system does not show a crossing of eigenvalue functions on the 
zero line in contrast to the respective unperturbed transition. As a consequence, 
pericyclic reactions may be allowed even in the Hiickel case, if D is perturbed by 
OS= Pd. The eigenvalue correlation diagram of this system (Fig. 6b) exhibits a 
similar structure to that of a polar pericyclic reaction (e.g., [2 + 21 cycloaddition in- 
volving two components with counteracting substituents) which is described by a 
perturbation term 0, consisting of two directly neighbouring loops of opposite sign 
[23, 471. 
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Another effect of structurally perturbing the dynamic system D by 0, is that the 
eigenvalue correlation diagrams become asymmetric with respect to the ‘middle of 
reaction’ value r= l/2. As a consequence, the eigenvalue spectra of reactants and 
products are different, and thus one reaction side is favoured. On the other hand, 
the centre of gravity remains on the zero line. Thus, in order to get the preferred 
reaction side, a stability analysis as discussed in [47] must be carried out. If one con- 
siders the adjacency matrix of the dynamic graph as being the coefficient matrix of 
the temporal development of a perturbation on the dynamic transition, the system 
becomes more stable in the sense of the Ljapunow stability criteria with increasing 
amount of its positive eigenvalues [47]. Taking two systems with the same centre of 
gravity, the one which is more stable is favoured. This stability analysis is a 
mathematical generalization of HOMO-LUMO considerations giving analogous 
results. Due to this analysis, butadiene should be favoured over cyclobutene for 
(x = 0” and vice versa for a = 180”, whereas in case of a = 90” both reaction partners 
are of comparable stability. 
Description of electrocyclic reactions by the influence of the skeleton S= P4 on 
cyclic Cd-systems 
In order to avoid the non-separability of the static and dynamic structures, we 
shall discuss the following electrocyclic reactions on the basis of a strict structural 
separation of their static and dynamic parts. For this purpose, i.e., to study the in- 
fluence of the structure of a skeleton S = P4 on unperturbed pericyclic transitions 
via C,(a)-systems, we ask for the space which underlies the reaction such that (T- 
and rr-electrons can be separated totally. In other words, we consider the unperturb- 
ed dynamic transition taking place in a space structured by a distinct skeleton S. 
This problem is treated mathematically by the general eigenvalue equation (7). 
In Figs. 7(a-e) the eigenvalue correlation diagrams of such skeleton influenced 
dynamic Htickel and Mobius transitions are shown for a-values O”, 45”, 90”, 135”, 
and 180”) respectively, where the extent of the static graph is b = 0.25. Note that the 
diagrams 7(a) and 7(e), both of which correspond to Huckel transitions, can be 
transformed into each other by a reflection on the zero line of the spectrum. The 
same property holds for the Mobius transitions represented in Figs. 7(b) and 7(d). 
This reflection can also be achieved by changing the sign of b in eq. (7), but keeping 
a constant (i.e., a=O” and b= - 0.25 in the case of the Huckel transitions and 
a= 45” and b= -0.25 for the respective Mobius transitions). 
In the case of all Htickel like transitions (Figs. 7(a,c,e)), the static graph S=P, 
of the skeleton does not lead to an avoidance of the crossing of the eigenvalue func- 
tions y2 and y3, . and the crossing point even remains at r= 0.5. With respect to a 
stability analysis we compare the diagrams of transitions with a = 0”, with positive 
and negative b-values, respectively (Figs. 7(a,e)), whose centre of gravity lines do 
not coincide with the zero line of the corresponding unperturbed system. In the first 
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case (b>O), the whole spectrum is shifted towards negative eigenvalues indicating 
an overall destabilization of the system. On the other hand, the crossing of 
(‘HOMO-LUMO’-) eigenvalue lines is placed below the centre of gravity line of the 
skeleton influenced transition. Conversely, at negative b the whole spectrum is mov- 
ed to the positive side, but the crossing point lies above the respective centre of 
gravity. 
If one considers the centre of gravity line of the skeleton influenced transition, 
but not the zero line of the unperturbed system, as being decisive for the stability 
analysis, then the thermally forbidden unperturbed dynamic transition may become 
(partially) allowed, if the crossing point is shifted below the centre of gravity. Thus, 
we shall assume in the following that the correlation diagram with a=O” and 6>0 
(Fig. 7(a)) is the qualitatively correct representation of a thermal electrocyclic reac- 
tion via a Hiickel four ring; and - following classical concepts of chemistry - the 
overall destabilization of the system may be explained by the assumption that n- 
bonds are weaker and thus more reactive than a-bonds. However, the respective 
electrocyclic reactions following a disrotatory reaction mode according to Wood- 
ward and Hoffmann [.58] should require a high activation energy. 
Following ‘classical’ arguments, the crossing of eigenvalue functions can be 
avoided most easily, if the dynamic transition is characterized by an unperturbed 
dynamic graph C, with an odd number of negative edges or by a graph Cd(o) (see 
eq. (12)) with a = (2k + 1)7r/4 (k = 0, 1, 2, 3), respectively (Fig. 5). The corresponding 
pericyclic reactions should occur thermally [l 1, 601. An example for such a process 
is the thermal conrotatoric ring opening of cyclobutene [58]. 
This reaction is described in more detail, if the Mobius transition operates in a 
space which is structured by the skeleton S= P4 (see Figs. 7(b) and (d) for correla- 
tion diagrams with (r= 45” and either b>O or b<O, respectively). The correlation 
diagrams of real-weighted Mobius transitions under the skeletal influence of S= P4 
with positive and negative 6, respectively, are similar, but not identical to those with 
b > 0 and a = 45” resp. a = 135”. In contrast to the unperturbed Mobius transition, 
the eigenvalue functions yi and y2 resp. y3 and y4 are no longer degenerated. Fur- 
thermore, similar as in the Hiickel case, the skeletal influence leads to an asymmetric 
shift of the centre of gravity line with respect to the zero line. The direction of this 
shift as a function of the sign of b is the same as discussed for Hiickel transitions. 
This also leads to a higher internal stability of systems with positive 6. Thus, we 
shall consider Fig. 7(b) (a= 45” and b>O) as the qualitatively correct description for 
conrotatory electrocyclic reactions involving four carbon centers. 
Let us conclude our stability considerations by discussing Fig. 7(c). This correla- 
tion diagram results for a pericyclic reaction with a = 90”, which is influenced by 
a skeleton Pd. Surprisingly, almost the same diagram is obtained, if the dynamic 
Hiickel transition with a=O” operates in a space which is structured by two 
neighbouring loops of equal weight, but opposite sign. As an example for such a 
process, one may consider the conversion of methanol and methylamine into ethane 
and hydroxylamine (Fig. 8). 
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Due to the crossing of two eigenvalue correlation lines at the zero line, this reac- 
tion is strictly forbidden to occur thermally. However, under pressure and in the 
presence of an Al,Os-contact, the catalyst forces both the reactants to react to 
dimethylamine and water [6]. Besides the catalytic impact of A120, the basic re- 
quirement for the reaction is that the free electron pairs of the nitrogen and oxygen 
atoms participate in the reaction acting as perturbations on the dynamic graph 
which are arranged in trans-position. 
The butadiene/cyclobutene problem - Modelling through-space interactions in 
four-center electrocyclic reactions by the influence of an extended skeleton 
Similar to the case of structurally perturbed pericyclic reactions (Fig. 6), all eigen- 
value correlation diagrams of skeleton influenced transitions (Fig. 7) show a 
remarkable asymmetry with respect to r = l/2 and thus the preference of either reac- 
tion side. With the exception of Fig. 7(c), this asymmetry of the whole spectra leads 
also to an asymmetry of the respective centres of gravity. Thus, in the case of 
skeleton influenced dynamic transitions the preference for one reaction side can not 
only be established by a complete stability analysis of the overall spectrum as men- 
tioned previously, but also (in a rather rough approximation) by comparing the cen- 
tres of gravity of the reaction partners. 
Accordingly, the side of the reaction should be favoured, where the centre of 
gravity has its lowest position in the respective correlation diagram. If one considers 
the relevant diagrams for ‘disrotatory’ and ‘conrotatory’ electrocyclic reactions 
(Figs. 7(a) and (b)), respectively, in both cases cyclobutene should be the preferred 
reaction side compared with butadiene. 
On the other hand, it is well known that cyclobutene is by 11.5 kcal mol- ’ less 
stable than butadiene [57]. Experiments show further that the ring closure of buta- 
diene occurs in general by a photochemical process [52]. Conversely, the thermal 
ring opening of cyclobutenes to butadienes takes place smoothly in solution or in 
gas phase at temperatures between about 120°C and 200°C the activation energy 
being about 33 kcal mol-’ [9, 171. However, ring opening reactions of substituted 
cyclobutenes can also be carried out by photochemical methods [59]. 
Whereas thermal ring opening reactions of cyclobutenes to butadienes are inter- 
preted generally as concerted conrotatory processes according to the Wood- 
ward-Hoffmann rules [58], several authors stress the problem to apply these rules 
in a strict sense to photochemical electrocyclic butadiene-cyclobutene ring closures 
[l, 421. Thus, in addition to the concerted disrotatory pathway, other reaction 
mechanism are being discussed. Van der Lugt and Oosterhoff [41] emphasized the 
necessity of studying the exact potential surface of this transition. They came to the 
conclusion that the photocyclization of butadiene does not take place via the com- 
monly discussed anti-symmetric excited state. 
An associated problem is the study of the relative position of energy levels in the 
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respective orbital correlation diagrams. According to MO calculations the orbital 
energy levels as well as the energies of the ground and first excited singlet state of 
cyclobutene are higher than those of butadiene [17, 411. These quantum chemical 
results are in qualitative agreement with our correlations diagrams of electrocyclic 
four-center reactions which we have established by a graph-theoretical approach. 
The contradiction between these theoretical predictions about the energetically 
preferred reaction side in butadiene-cyclobutene valence isomerizations and the ex- 
perimental results cannot be solved in the frame of the Woodward-Hoffmann rules 
and does not play a role in their qualitative statements. 
In order to avoid this contradiction, we consider the actual conformations of 
butadiene and cyclobutene, respectively (see Fig. 9). To undergo an electrocyclic 
valence isomerization, butadiene must be distorted into the cisoid arrangement 
which is slightly less stable (by about 2.3 kcal mol- ‘) than the thermodynamically 
favoured transoid form [2]. On the other hand, cyclobutene is a strained planar ring 
with valence angles of about 94” (at the double bond) and 86”, respectively [4, 181. 
Based upon its atomar formation enthalpies [13], a ring strain of 28 kcal mol- ’ is 
obtained for cyclobutene which indicates a remarkable stability of the underlying 
(hypothetical) unstrained ring. 
Based upon the above-mentioned steric effects, one may attribute the experimen- 
tally observed thermodynamical disadvantage of cyclobutene in electrocyclic reac- 
tions to its remarkable angle strain. Thus we shall include in the following 
conformational aspects in our graph-theoretical model. For this purpose, we con- 
sider an extended skeleton which takes into account through-space interactions in 
addition to the basic static graph Si (= S) = Pd. The resulting space on which the 
dynamic transition operates is then structured by a graph S,,, = K4, i.e., the com- 
plete graph with four vertices (Fig. 9). The structure of the through-space interac- 
tion itself is represented by the graph S, = P4, which is complementary to Si and 
contains two crossing edges with respect to the dynamic graph D= C,. For 
simplification we assume that all pairs of vertices, which are involved in the 
through-space interaction, have equal contributions. 
In order to vary the extent of the through-space interaction we consider the matrix 
function of static graphs 
w,, s2) = Sl &+ s2 s2 (18) 
where the sum of the (non-negative) portions si and s2 is constant (= l), i.e., the 
sum of the edge weights of the static graphs Si and S, is invariant. Figs. lO(a-d) 
show correlation diagrams for electrocyclic four-center reactions with increasing ex- 
tent of the through-space interaction compared to the P,-skeleton. Note that Fig. 
10(d) describes the influence of hypothetical ‘pure’ static through-space interactions 
on the dynamic transition. 
These correlation diagrams indicate a remarkable dependency between the centre 
of gravity line and the growing through-space interaction: Whereas the centre of 
gravity of the butadiene-side is monotonously shifted towards lower positions in the 
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correlation diagrams, the centre of gravity of the cyclobutene-side moves for 
s,<O.5 into the same direction (but to a less extent); this trend reverses, however, 
for s,>O.5. As a consequence of these alterations, in the case of s,>O.5 butadiene 
becomes the favoured reaction side. We thus interpret the respective correlation 
diagrams as a qualitatively correct description of the experimental observations in 
electrocyclic reactions involving strained cyclobutenes. 
Note that in the case of si =s2 =0.5 (Fig. 10(b)) the centre of gravity line is 
constant during the whole dynamic transition; and the diagram is even symmetrical 
with respect to r= l/2. This correlation diagram describes thus electrocyclic reac- 
tions, where both, the butadiene and cyclobutene side, are energetically equivalent. 
In order to get a unified representation of how extended P,-skeletons with vary- 
ing extents of through-space interaction influence dynamic pericyclic transitions in- 
volving four centers, we consider the diagram of centre of gravity contours for 
Huckel type electrocyclic reactions shown in Fig. 11. The horizontal axis in this 
figure is labelled by all structural mixtures of dynamic graphs D, and D2 according 
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to the ‘reaction’ parameter r,, whereas the vertical axis comprises the transforma- 
tion between the static graphs St = P4 of the basic skeleton and S2 of the ‘pure’ 
through space interaction, respectively, by the variation parameter sz. 
Based upon this diagram, one may discuss reaction paths with altering extended 
skeletons for the dynamic transition between Dr and D2. This gives the possibility 
of modelling geometrical changes of the molecular system during the considered 
reaction by a graph-theoretical approach. If one further assumes, that the centre of 
gravity is a rough approximation of the energetical situation of the respective 
skeleton influenced system, and also takes into account the principle, that the 
change in energy should be minimal during the reaction, a reaction path should 
(more or less) follow a centre of gravity contour line. 
In the case of the electrocyclic ring closure reaction via a Huckel Cd-ring (Fig. 
11) the following conclusions may be drawn: If the amount of through-space in- 
teraction is small to moderate (< 0.39, there are no connecting contour lines bet- 
ween the butadiene and cyclobutene side. Accordingly, the butadiene educt must 
have a reasonable extent of through-space interaction to react to cyclobutene. This 
refers to the fact that butadiene must take a cisoid conformation to undergo an elec- 
trocyclic valence isomerization. During the transition to cyclobutene following such 
a centre of gravity contour line the portion of through-space interaction in the ex- 
tended skeleton decreases. This indicates a lower conformational influence at the 
cyclobutene side. 
Htickel C, -transition 
b = 0,25 
a.00 Or 
b : -0,25 S, = s, 
a=180° 
T 
q I I 
D D2 
center of gravity - contours 
Fig. 11. Diagram of center of gravity contours describing pericyclic Hiickel four center reactions (a = 0”) 
influenced by extended skeletons with varying extents of through-space interaction. 
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If the amounts of the basic P,-skeleton and of the through-space interaction, 
respectively, are equal (= 0.5j, the contour line is parallel to the x-axis (see also Fig. 
10(b)); hence both, the geometrical and the energetical change, should be minimal 
in such an electrocyclic reaction. 
Finally, we do not rule out the possibility of assigning large portions of through- 
space interaction (> 0.5) in the extended skeleton to the remarkable angle strain of 
cyclobutene. In this case, the butadiene side is always favoured over cyclobutene, 
and there exists no centre of gravity contour line which connects both reaction sides. 
Thus, one may expect considerable changes in energy during the respective thermal 
electrocyclic ring closure reactions. This is in agreement with most experimental 
observations. 
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